After Scott, mathematical models of the type-free lambda calculus are constructed by order theoretic methods and classi ed into semantics according to the nature of their representable functions. Selinger 47] asked if there is a lambda theory that is not induced by any non-trivially partially ordered model (order-incompleteness problem). In terms of Alexandro topology (the strongest topology whose specialization order is the order of the considered model) the problem of order incompleteness can be also characterized as follows: a lambda theory T is order-incomplete if, and only if, every partially ordered model of T is partitioned by the Alexandro topology in an in nite number of connected components (= minimal upper and lower sets), each one containing exactly one element of the model. Towards an answer to the order-incompleteness problem, we give a topological proof of the following result: there exists a lambda theory whose partially ordered models are partitioned by the Alexandro topology in an in nite number of connected components, each one containing at most one -term denotation. This result implies the incompleteness of every semantics of lambda calculus given in terms of partially ordered models whose Alexandro topology has a nite number of connected components (e.g. the Alexandro topology of the models of the continuous, stable and strongly stable semantics is connected).
Introduction
Many familiar models of the type-free lambda calculus are constructed by order theoretic methods. Computational motivations and intuitions justi ed Scott's view of models (see 41] 42]) as partially ordered sets and of functions as monotonic functions over these sets. After Scott, a large number of mathematical models for the lambda calculus, arising from syntax-free constructions, have been introduced in various categories of domains ( 42] is given in the category whose objects are complete partial orders and morphisms are continuous functions. The stable semantics introduced by Berry in 10] and the strongly stable semantics introduced by Bucciarelli and Ehrhard in 11] are strengthening of the continuous semantics. The stable semantics is given in the category of DI-domains with stable functions as morphisms, while the strongly stable one in the category of DI-domains with coherence, and strongly stable functions as morphisms.
Lambda theories are consistent extensions of the lambda calculus that include -conversion. They arise by syntactical considerations, a lambda theory may correspond to a possible operational semantics of lambda calculus (see e.g. 2] 3] 23]), as well as by semantic ones, a lambda theory may be the theory of a model of lambda calculus (see e.g. 3] 9]). The problem of the completeness/incompleteness of a semantics can be stated as follows: are the set of the lambda theories determined by a semantics equal or strictly included within the set of consistent lambda theories?
The rst incompleteness result was obtained by Honsell and Ronchi della Rocca 24] for the continuous semantics via a hard syntactical proof. Gouy 20] proved the incompleteness of the stable semantics with a much harder syntactical proof. Other more semantic proofs of incompleteness for the continuous and stable semantics can be found in 7]. Bastonero 6] provides an incompleteness result for the hypercoherence semantics.
Recently, the author has introduced in 36] a new technique to prove the incompleteness of a wide range of lambda calculus semantics (including the strongly stable one, whose incompleteness had been conjectured). Roughly, the technique used in 36] for proving that a class C of models is incomplete is the following. We remark that the partially ordered models of the lambda calculus are topological combinatory algebras w.r.t. the Alexandro topology (the strongest topology whose specialization order is the order of the considered model). Then we nd a (topological) property P veri ed by all models in C and nd a lambda theory whose models do not verify P. The technique was applied to the models of lambda calculus based on domains (continuous, stable, strongly stable models in particular). These models satisfy a strong property of connectedness, while we found a lambda theory whose models satisfy an orthogonal property of separation.
The problem of the incompleteness of the semantics of lambda calculus is also related to the open problem of the order-incompleteness of the lambda theories. Selinger 47] asked if there is a lambda theory that is not induced by any non-trivially partially ordered model. He gave a syntactical characterization, in terms of so-called generalized Mal'cev operators, of the order-incomplete lambda theories. Roughly, the problem of the orderincompleteness can be stated as follows: does it exist a sequence M 1 ; : : : ; M n 2 Salibra of closed -terms such that the lambda theory T n , axiomatized by x = M 1 xyy; M i xxy = M i+1 xyy; M n xxy = y (1 
Preliminaries
To keep this article self-contained, we summarize some de nitions and results that we will need in the subsequent part of the paper. With regard to the lambda calculus we follow the notation and terminology of Barendregt (see 3] ). For the general theory of lambda calculus the reader may consult Barendregt 3] and Krivine 28] . For the general theory of universal algebras the reader may consult Burris 
Lambda theories
denotes the set of -terms, while o denotes the set of closed -terms, where a -term is closed if it does not admit free occurrences of variables.
Lambda theories are consistent extensions of the lambda calculus that are closed under derivation. Remember that an equation is a formula of the form 3 t = u with t; u 2 . The equation is closed if t and u are closed -terms. If T is a set of equations, then the theory + T is obtained by adding to the axioms and rules of the lambda calculus the equations in T as new axioms. If T is a set of closed equations, T + is the set of closed equations provable in + T . T is a lambda theory if T + = T (see 3, Def. 4.1.1]). As a matter of notation, T`t = u stands for + T`t = u.
Combinatory algebras and -models
An algebra C = (C; ; k; s), where is a binary operation and k;s are constants, is called a combinatory algebra (Curry 16 Given a poset (A; ) we can nd many T 0 -topologies on A for which is the specialization ordering of (see Johnstone 25 , Section II. We now consider the clopen sets, i.e., the sets which are contemporaneously A-open and A-closed: X is A-clopen i X = Xl = X" = X#.
Notice that a connected component is a closed set in every topological space. For the Alexandro topology we have that a subset of a poset is a connected component w.r.t. a i it is such w.r.t. a . So a connected component is a minimal A-clopen set, and the minimal A-clopen sets constitute the partition of the Alexandro space in connected components. In terms of partial ordering they can be described as follows. Let be the symmetric closure of , i.e., It is an easy matter to verify that the A-clopen sets of an Alexandro space constitute a topology, denoted by . It is the partition topology (see Section 2.3) generated by the partition of the space in connected components.
Since a map is monotone i the inverse image of an upper set is an upper set i the inverse image of a lower set is a lower set, then every monotone map is continuous w.r.t. the partition topology .
A partially ordered combinatory algebra, a po-combinatory algebra for short, is a pair (C; ) where C is a combinatory algebra and is a partial order on C which makes the application operator of C monotone.
Salibra
An Alexandro combinatory algebra is a pair (A; a ) where A is a combinatory algebra and a is an Alexandro topology on the underlying set A with the property that the application operator of A is continuous (= monotone) with respect to a . The reader may consult Bentz 8] and Coleman 13] 14] for a general approach to topological algebras. The category of po-combinatory algebras with monotone maps as morphisms and the category of Alexandro combinatory algebras with continuous maps as morphisms are equivalent.
We always assume de ned on a po-combinatory algebra the Alexandro topology.
In the following theorem we prove that every po-combinatory algebra under very weak hypotheses admits elements which can be separated by A-clopen sets. Claim 3.4 For every k 1 we have that s(c k "; 0") c k+1 ":
The relation follows from the monotonicity of s and from the equality c k+1 = s(c k ; 0). The least clopen sets including c k and 0 are respectively i 0 c i k and i 0 0 i . Then the conclusion follows from Claim 3.7.
Since c 1 and 0 are T 2 -separable w.r.t. the partition topology from Claim 3.8, then the conclusion of the theorem follows from Claim 3.2.
4 Incompleteness
In this Section we prove the main theorem of the paper.
Consider the (consistent and) semisensible lambda theory axiomatized by xx = ; where ( x:xx)( x:xx).
Lemma 4.1 ` tu = , `t = u: Proof. Let ! be the following reduction rule: tu ! for every t and u such that `t = u. The re exive closure of ! satis es the diamond property, and the relations ! and ! commute. Then the reduction rule ! = ! ! is Church-Rosser by the Hindley-Rosen Lemma (see Barendregt 3, Prop. 3.3.5] ).
Then we prove that is the lambda theory generated by conversion = from ! , i.e., `t = u i t = u: Since tu ! i `t = u, then it is obvious that t = u implies `t = u. For the opposite direction, it is su cient to consider that xx ! for the unique axiom xx = of .
If ` tu = then tu = , so that there is a reduction tu ! . This is possible only if tu is a -redex i.e. if `t = u. Proof. The proof is by induction on n. By Lemma 4.1 we have that ` tu = i `t = u, so that our hypothesis 6 t = u implies 6 c 1 = .
The remaining part follows from the induction hypothesis and from Lemma 4.1 applied to c n+1 (c n ) . 2 9 Salibra Theorem 4.3 Every partially ordered model of is partitioned in an in nite number of connected components, each one containing at most one -term denotation.
Proof. Let C be a partially ordered model of . The interpretation of a closed -term t is the element jtj C of C (see Section 2.2). For the sake of simplicity, we write directly t for jtj C when there is no danger of confusion. De ne 0 and s(x; y) xy. Since ` xx = , then we have that C j = x: xx = x: . This last identity implies cc = ( x: xx)c = ( x: )c = for all c 2 C, so that C j = s(x; x) = 0. Let t; u be two -terms such that 6 t = u. Since C is a model of , by Lemma 4.2 we must have that C 6 j = c n = for all n 1. Then we can apply Thm. 3.1 to get that t and u are separable by two A-clopen sets. Since we have an in nite number of -equivalence classes, then we must have an in nite number of connected components, each one containing at most one term denotation. The stable semantics introduced by Berry 10] is the class of the partially ordered models whose specialization order is a DI-domain and the representable functions are all the stable ones.
The strongly stable semantics introduced by Bucciarelly and Ehrhard in 11] is the class of the partially ordered models whose specialization order is a DI-domain with coherence and the representable functions are all the strongly stable ones. The hypercoherence semantics introduced by Ehrhard 17 ] is a subclass of the strongly stable semantics.
A class C of models of the lambda calculus represents a lambda theory T if there is a model in C whose theory is exactly T . A class of models is incomplete if it does not represent all lambda theories. The continuous, stable and strongly stable semantics were proven incomplete (see Honsell-Ronchi della Rocca 24], Gouy 20 ], Bastonero-Gouy 7], Bastonero 6], Salibra 36] ).
The following incompleteness theorem uni es and subsumes previous incompleteness results.
Theorem 4.4 (The Incompleteness Theorem) Any semantics of the lambda calculus given in terms of partially ordered models with a nite number ofSalibra connected components is incomplete. If constants are admitted then, for every cardinal number , any semantics of the lambda calculus given in terms of partially ordered models with at most connected components is incomplete.
Proof. From Thm. 4.3. If constants are admitted, it is su cient to de ne the lambda theory in a language with an arbitrary number of constants. 2
It follows from Thm. 4.4 that the lambda theory cannot have a model in the graph model semantics, K-semantics, lter model semantics, stable semantics, hypercoherence semantics, strongly stable semantics, and moreover, in any partially ordered model either with a bottom element, or with a top element, or with a structure of complete partial ordering, meet semilattice, join semilattice and lattice.
